Driven far away from equilibrium by both uniform and random external fields, a system of diffusing particles with short-range attractive forces displays many singular thermodynamic properties. Surprisingly, measuring pair correlations in lattice-gas models with saturation drives, we find little difference between the uniform and random cases, even though the underlying symmetries are quite distinct. Motivated by this puzzle, we study three-point correlations using both field-theoretic and simulation techniques. The continuum theory predicts the following: (a) The three-point function is nonzero only for the uniformly driven system; (b) it is odd under a parity transformation; and (c) there exists an infinite discontinuity singularity at the origin in momentum space. Simulation results are clearly consistent with these predictions. Based on these findings, we suggest several avenues for future investigations. PACS number(s): 64.60. Cn, 64.90.+b, 66.30.Hs, 82.20.Mj 
I. INTRODUCTION
Because of their broad application in biology, chemistry, and physics, nonequilibrium phenomena have attracted considerable interest in recent years. Usually, these systems involve many degrees of freedom, so that a statistical-mechanical description is unavoidable.
Further, since we are typically interested in universal, or generic, behavior, we study simplified model systems which capture the essential physics of the real systems. One of the most well-known nonequilibrium models is the driven diffusive system (DDS), proposed by Katz, Lebowitz, and Spohn [1, 2] . A DDS consists of a stochastic, interacting lattice gas under the inhuence of an external driving field.
The physical system motivating this model is the fast ionic conductor [3] . In the original papers [1, 2] , the driving field is uniform in both space and time -a model we will refer to as a uniformly driven system (UDS). Though theoretically simple, such a system, with periodic boundary conditions, is basically impossible to achieve physically. Instead, driving with an ac field, or one which is random in time, is much more likely to be realizable. Since ac fields introduce a frequency scale, the resultant behavior may be much more complex than a simple stochastic process. We are thus motivated to study the randomly driven system (RDS).
The symmetries of an RDS are quite distinct from those of a UDS, leading to entirely different universality classes of critical behavior [4, 5] . On the other hand, much of the data collected from Monte Carlo simulations of these systems driven with infinite fields show very little difference, including the critical temperature T, . Faced with such a puzzle, we considered measuring quantities other than the traditional order parameter, two-point correlation function, and internal energy. The most obvious choice would be the steady-state current. However, we wish to explore diff'erences in purely "static" quantities. Exploiting the very different symmetries between UDS and RDS, we recognize that all correlation functions involving an odd number of particles, at equal times, must vanish in an RDS, especially for T) T, .
Focusing on the simplest one of these, we study the three-point correlation function. As a bonus, we find that, for a UDS, this quantity is generically singular at zero momenta, for all temperatures [6, 7] .
In Sec. II we will present detailed descriptions of these models and the measurements of some standard quantities which show that these two systems are essentially indistinguishable, even though they are driven by very different mechanisms. This puzzle provides the motivation for the search for quantities which exploit the diff'erent symmetries and can distinguish the two. The simplest is the three-point function. Section III is devoted to the diff'erent symmetries and Sec. IV, the theoretical background.
Simulation data are presented in Sec. V, confirming many of our expectations. We end with a summary and an outlook for further investigations.
II. THE MODELS
&(C)= -4J g n;n, , &(C)= -J gs, s, , (2.1) In this section we describe the models: UDS and RDS.
First, we review the basis for these models, namely, an Ising lattice gas in equilibrium [8] . Then we consider the inhuence of the driving fields.
For definiteness, we study systems in two dimensions, on square lattices. Each site, labeled by an index i, is either occupied by a particle, or vacant. Thus, a configuration C corresponds to a set of occupation numbers In; J, where n; = 1 and a low-density "gas" phase.
The dynamics of our model, which specifies how the system evolves from a given configuration C into a new configuration C', is determined by transition rates or transition probabilities W [C~C ] . These enter into the master equation for the time-dependent probability distribution P(C, t): 
for a UDS, but (3.3) x and y ponds). Since, for these two systems, we expect quite different universality classes [4] , let alone nonuniversal quantities like the critical temperature, we are faced with an intriguing puzzle. Though more refined data do show small differences [13] ,it would be desirable to measure quantities that provide a higher contrast between these systems. Thus motivated, we study the three-point correlation function, which exploits the symmetry differences to the fullest extent.
III. SYMMETRY DIFFERENCES
Symmetries play an important role in the modeling of physical systems. They are useful for predicting general properties of macroscopic thermodynamic functions, given a particular microscopic dynamics. Beyond that, they form the foundation for determining both an appropriate coarse-grain continuum theory and the universality classes of critical behavior. We devote this brief section to the different symmetries encountered in the two driven systems.
For a UDS in steady state, the system is invariant under any pair of the following three transformations:
for an RDS. A convenient and powerful medium for discussing theoretical approaches is continuum field theory, which is known to provide a good approximation for describing the long-wavelength properties of thermodynamic systems. Instead of discrete spins on discrete space-time, we now consider a coarse-grained version, the local magnetization P(x, t), in continuous space-time. Instead of the master equation ( [15] .
Since particle number is conserved in our dynamics, we begin with the continuity equation s~-s together with y~-y . (3.2) where j is the local particle current. For a system evolving under the influence of &, a simple choice is Since particle-hole interchange is also known as charge conjugation and y~-y is a parity transformation, we will refer to this operation as CP.
By contrast, for an RDS in steady state, the randomness of E means that both C and P are separately 
Note that the noise term has also been generalized to accommodate anisotropy.
Instead of (4. [18] . However, there is one important difference, hidden in (4.31). Unlike our (4.18), the earlier work studied the effects of the drive only to the lowest order, so that isotropic X(k) and I (k), characteristic of an equilibrium system, were used. This precludes the possibility of a discontinuity singularity in S(k), which is a consequence of the violation of the fluctuation-dissipation theorem (FDT) in nonequilibrium systems [7] . In particular, FDT guarantees [19] and keeping only the lowest-order term, we find S(ki~0, kll =0)
for all T ) T, . Indeed, the data in Fig. 2 illustrate the inequality of these two limits well, where S(ki -+O, k~~~= 0)
is labeled as the "transverse structure factor" and S(ki=O, k~~-+0), the "longitudinal" one. In other studwhere p -= k,~~, q=kzi, and 5(0) is again dropped.
Though it is straightforward to perform the integration, The next two figures show the effects on g(1) due to turning off either the interparticle interaction (J=O) or the drive (E =0). In both cases, the three-point function vanishes. While the latter (Fig. 10) is a check on the expected behavior of an equilibrium Ising model, the former result (Fig. 9) is less obvious. To see this result, it is necessary to check that the steady-state distribution for a J=O system is uniform, i.e. , P(C)=1 solves (2.2) with zero on the left. Further, recognizing that, in general, the Auctuation-dissipation theorem does not apply in nonequilibrium systems, we lift the constraint on these parameters. One of the dramatic consequences, observed in simulation studies, is the existence of a finite discontinuity singularity at the origin of the structure factor, for all temperatures above T, .
Within this context, we study the three-point correlation function in the uniformly driven case in some detail.
We find an infinite discontinuity, for all T above T"at the origin of the two independent momenta. Of course, for finite systems, no infinities can be present. Instead, the discontinuity is predicted to diverge with L, the linear size of the system. The data from simulation studies mostly confirm our predictions, although better statistics from longer runs in larger systems are needed before quantitative conclusions can be drawn.
We end with an outlook for the future. proved so successful in finding critical singularities [11] , to compute the singularities in these vertices. Clearly, it would be extremely interesting to see if the good agreement between field-theoretic predictions of critical exponents [11] and simulation data [10] continues to hold for the universal singular behavior in three-point functions. Finally, a most important question is, how can a three-point correlation be observed in physically realizable driven systems? Measuring the two-point correlation function or the structure factor is routine in scattering experiments. In contrast, very little in the literature [20] is devoted to the measurements of higher correlations. One source of the difficulty is that a complete measurement of an N-point correlation requires monitoring X -1 momenta, whereas, in a simple scattering experiment, there is only one momentum (transfer) variable.
Thus, though the higher terms in, e.g. , the Born series can lead to higher correlations, analyzing depolarized light could provide only limited information. It would be most desirable to develop techniques to explore threepoint correlations in a wider context, apart from the spectacular features they display in driven diffusive systems.
